
figs. 1–3 Debbie Loftus, Three Diagrams Illustrating Galileo’s Paradox, 2016. 
Ink and white chalk on paper, overall 27.9 × 20.2 cm. Verso: reproduction of a page 
from Galileo’s manuscript of Dialogue concerning the Two Chief Systems of the World 
(published 1632), Biblioteca Nazionale Centrale di Firenze, Ms. Gal. 66.
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Rotate a circle through 360 degrees along a straight 
line. Call the starting point on the line A; call the end-
point B. The distance AB is the same length as the 
outside edge of the circle (fig. 1). You have, so to speak, 
unfurled the circumference of the circle like a piece 
of string. It is as though you were to slice through the 
sidewalls and tread of a bicycle tyre and lay it out in a 
straight line – the length of the line would be equal to 
the circumference of the tyre. Do the same thing with 
a bigger circle, or wheel, and the line will of course be 
longer; take a smaller circle and the line will be shorter.

Now imagine two circles, one twice the size of the 
other. They are concentric, meaning they share the 
same centre and are firmly attached, so that if one 
moves the other will move with it. Each of the circles 
sits on its own line, and the two lines are horizontal 
and parallel (fig. 2). Roll the larger circle one full turn, 
from A to B. As before, it travels the length of its cir-
cumference. But what happens to the smaller inner 
circle? Rather than getting left behind, as it would if 
the two circles were not joined, it travels the same dis-
tance as the larger circle, from A′ to B′ along its own 
line – a fact that seems like common sense. Contrary 
to the rule established above, however, in so doing it 
travels further than the length of its circumference – 
and that somehow defies common sense.

Known as Galileo’s Paradox or Aristotle’s Wheel, 
this problem is discussed in the first part of Galileo’s 
Dialogues concerning Two New Sciences, published 
in 1638. The topic is raised when the speakers are 
discussing the idea that matter might be held together 
by innumerable tiny vacua, or vacuums, that act like 
glue between the physical elements. Thinking about 
the huge number of vacua required to hold together 
‘the least particles of a metal’, one of the interlocutors 
makes a suggestion: ‘let us see if we cannot prove that 
within a finite extent it is possible to discover an infinite 
number of vacua.’ 1 He then outlines the paradox of the 
two concentric circles, and ingeniously demonstrates 
that the line AB, created by the larger circle, is made up 
of ‘an infinite number of points which completely fill it’, 
while that made by the smaller circle (A′B′) comprises 
an infinite number of points separated by ‘an infinite 
number of infinitely small indivisible empty spaces’.2

Without following the detailed chain of argument, 
this may come as something of a surprise. But it’s not 
for nothing that Galileo ranks as one of the greatest 
thinkers in the history of science, or natural philoso-
phy as it was known in the seventeenth century, and 
the reasoning involved is not far removed from that 
which led Newton and Leibniz, independently of each 

other, to the discovery of calculus – the mathematics 
of motion and change. To get a sense of what is im-
plied in Galileo’s treatment, consider the illustration 
in figure 3. Draw two concentric circles, one twice 
the size of the other, and fill the inner circle with an 
infinite number of radii. Now extend each radius to the 
circumference of the outer circle, and look what hap-
pens: gaps appear between the extensions. But, if the 
radii filling the smaller circle are infinite in number, 
how can more be needed to fill the outer one? Infinity 
means infinity . . . doesn’t it?

Galileo realised the possibility of what are now 
known as infinite sets.3 He pointed out that many 
members of the simple set of counting numbers  
(1, 2, 3, 4, 5 . . . ) are not squares: 2, 3, 5, for example. 
And yet every counting number can be squared: 1² = 1,  
2² = 4, 3² = 9 . . . . Accordingly, it seems clear that there are 
many more counting numbers than there are squares. 
Extend both sets to infinity, however, and the infinite  
set of counting numbers (1, 2, 3 . . . ) can be matched 
one to one by an infinite set of squares (1, 4, 9 . . . ). Be-
wilderingly, therefore, both sets turn out to be infinite.

The fascinating tale of how the fierce paradoxes of 
infinity glimpsed by Galileo were eventually tamed is 
told in Ian Stewart’s Infinity: A Very Short Introduc-
tion (Oxford, 2017). Nearly 250 years after Galileo’s 
death, Georg Cantor (1845–1918) made the critical 
breakthrough, when he developed tools that opened 
infinite sets to mathematical investigation. The cost to 
Cantor personally was extreme, however. He suffered 
recurring nervous breakdowns that might just as aptly 
be termed spiritual crises. Back in 1638, Galileo was 
aware of the enormous difficulties presented by the 
study of infinity as well as its irresistible allure:

These difficulties are real; and they are not the only ones. 

But let us remember that we are dealing with infinities 

and indivisibles, both of which transcend our finite un-

derstanding, the former on account of their magnitude, 

the latter because of their smallness. In spite of this, 

men cannot refrain from discussing them, even though 

it must be done in a roundabout way.4 

Doubtless on account of his prior experience with the 
Inquisition, which charged him with heresy for pro-
moting the heliocentric Copernican system of the uni-
verse, Galileo is quick to acknowledge the limitations 
of the ‘finite’ human mind. Nevertheless, his interest 
is in developing a geometrical and numerical under-
standing of infinity that can be used to help solve par-
ticular problems and to expand his scientific picture 
of the world.

Infinities
Paul Williamson
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All of this is radically new. Throughout history, con-
ceptions of the infinite have most often been bound 
up with mystical, spiritual and religious concerns. In 
such contexts, infinity and eternity (infinity’s temporal 
twin) are treated as synonyms for the ineffable. The 
words connote a higher plane of experience. Nobody 
has voiced this contrast with more eloquent force than 
William Blake, who in 1788 explicitly denied that there 
could be any value in subjecting infinity to mathemati-
cal analysis: ‘He who sees the Infinite in all things, sees 
God. He who sees the Ratio only, sees himself only.’ 5  
Blake broached the subject numerous times, including 
in the splendid opening quatrain of his ‘Auguries of 
Innocence’ (c. 1803):

To see a World in a Grain of Sand 

And a Heaven in a Wild Flower, 

Hold Infinity in the palm of your hand 

And Eternity in an hour.6 

Read the first word of the first line as ‘In order to . . .’ 
and the progression of thoughts startlingly curls back 
on itself, carrying the reader by distinct steps towards 
a destination that is elusively present from the very 
outset because the ‘World’, the ‘Grain of Sand’ and 
‘Infinity’ turn out to be one and the same thing. For 
Blake, the infinite is in everything, perceptible through 
an imaginative intuition. As he says in the set of notes 
called A Vision of the Last Judgment: ‘This World of Im-
agination is Infinite & Eternal, whereas the world of 
Generation, or Vegetation, is Finite &  . . . Temporal.’7 
We close ourselves off from infinity by over-reliance on 
the intellect – by seeing ‘the Ratio only’ – and by allow-
ing ourselves to be imprisoned in the senses:

‘They told me that I had five senses to inclose me up, 

‘And they inclos’d my infinite brain into a narrow circle, 

‘And sunk my heart into the Abyss, a red, round globe, 

     hot burning, 

‘Till all from life I was obliterated and erased.8 

This recalls one of Blake’s most famous and influential 
aphorisms, the brilliant line found in The Marriage of 
Heaven and Hell (c.  1790–3): ‘If the doors of perception 
were cleansed every thing would appear to man as it is, 
infinite.’ Blake’s understanding pervades every detail of 
his thinking, not least his thoughts on art, where he 
states categorically that outline must take precedence 
over colour:

The great and golden rule of art, as well as of life, is this: 

That the more distinct, sharp, and wirey the bounding 

line, the more perfect the work of art; and the less 

keen and sharp, the greater is the evidence of weak 

imitation, plagiarism, and bungling. Great inventors, 

in all ages, knew this: Protogenes and Apelles knew 

each other by this line. Rafael and Michael Angelo, and 

Albert Dürer are known by this and this alone. The want 

of this determinate and bounding form evidences the 

want of idea in the artist’s mind, and the pretence of 

the plagiary in all its branches. How do we distinguish 

the oak from the beech, the horse from the ox, but by 

the bounding outline? How do we distinguish one face 

or countenance from another, but by the bounding line 

and its infinite inflexions and movements? What is it 

that builds a house and plants a garden, but the definite 

and determinate? What is it that distinguishes honesty 

from knavery, but the hard and wirey line of rectitude 

and certainty in the actions and intentions. Leave out 

this line, and you leave out life itself; all is chaos again, 

and the line of the almighty must be drawn out upon it 

before man or beast can exist.9 

Accordingly, Blake goes on to disparage Venetian 
and Flemish colourists as ‘lame imitators’. For him, 
the artist creates in the same way as the ‘almighty’, by 

fig. 4 William Blake, The Ancient of Days, 1794 (Copy L). The Huntington Library, 
San Marino, California.
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